Given an oracle of an affine linear Boolean function with n arguments. It is required to know the affine linear Boolean function we have among the 2 n+1 possible functions. Deutsch-Jozsa algorithm can find the linear part of the function with certainty. In this paper, a modified version of Deutsch-Jozsa algorithm will be presented to fully determine the coefficients of the affine linear Boolean function with certainty.
Introduction
Consider an affine linear Boolean function with n arguments is given as a blackbox (oracle). The task is to know which function we have among the 2 n+1 possible affine linear functions. An affine linear function with n arguments is a Boolean function that can be represented as follows, f A (x 0 , x 1 , · · · , x n−1 ) = c 0 x 0 ⊕ c 1 x 1 ⊕ . . . ⊕ c n−1 x n−1 ⊕ c n ,
where x i , c i ∈ {0, 1}, i = 0, 1, . . . , n − 1, n and ⊕ denotes bitwise exclusive-or. The affine linear function is fully determined if the coefficients c i are known. If the coefficient c n is strictly equal to 0 then the function is called linear Boolean function and it can be represented as follows, f L (x 0 , x 1 , · · · , x n−1 ) = c 0 x 0 ⊕ c 1 x 1 ⊕ . . . ⊕ c n−1 x n−1 .
There are 2 n+1 possible f A affine linear functions while there are 2 n possible f L linear functions. Both functions could be balanced, i.e. truth table contains an equal number of 0's and 1's. Both functions could be constant in a different way, for example, if c j = 0, j = 0, 1, . . . , n − 1 then f L = 0 while f A = 0 or 1 depends on the value of c n .
Recently, designing quantum algorithms related to the study of linear functions have gained a lot of attention in the literature. In [4] , quantum algorithms based on the Bernstein-Vazirani algorithm [1] for finding the variables used in a Boolean function using a single query to the oracle are presented. In [6] , a quantum algorithm is shown to test the linearity of Boolean function using Bernstein-Vazirani algorithm and an amplitude amplification technique. In [2] , an enhanced algorithm of [6] is proposed using Deutsch-Jozsa [3] and the Grover Algorithms [5] . In [7] , a quantum algorithm for determining the linear structures of a Boolean function using Bernstein-Vazirani's algorithm and the Simon's algorithm [8] is presented. These algorithms deal mainly with linear functions but not affine linear functions where coefficients c 0 , c 1 , · · · , c n−1 can be determined. If the oracle represents an affine linear function, then these algorithms might not function correctly [2] . To deal with affine linear functions it is required to know the value of c n to be able to distinguish between affine linear functions and linear functions and to know if the function is constant or balanced. In case the function is constant, it is required to know if the function evaluates to 0 or 1.
The aim of the paper is to present a modified version of Deutsch-Jozsa algorithm, where temporary entanglement will be used to mark the states in the superposition instead of a phase shift of -1. Three calls to the oracle is sufficient to know the values of the coefficients c 0 , c 1 , · · · , c n−1 , c n which fully determines the affine linear function. These three calls to the oracle can be reduced to two calls if two versions of the oracle are used as it is shown latter.
The paper is organized as follows: Section 2 defines the basic operations of the algorithm. Section 3 introduces the proposed algorithm by tracing its operations. Section 4 gives a discussion about the differences between the original Deutsch-Jozsa algorithm and the proposed algorithm. The paper ends up with a conclusion in Section 5.
Basics
In this section, the basic gates used in the proposed algorithm will be defined. Some gates are acting on a single qubit of the system, other gates are acting on the n + 1 qubits register.
Two gates acting on a single qubit will be used, phase shift gate (Z), and Hadamard gate (H). The Z gate is used to apply a phase shift of -1 on the amplitude of the state |1 and leaves the amplitude of |0 with no change. Such operation will be used to apply a phase shift of −1 on a subspace of the system entangled with state |1 as follows,
where I is the identity operator, |ψ 0 and |ψ 1 are sub-systems entangled with |0 and |1 respectively.
Applying the H gate on a qubit in state |0 or |1 will produce a qubit in a perfect superposition. In general , the effect of applying the H gate on an n-qubits quantum register is known as Walsh-Hadamard transform and can be represented as follows, Figure 1 : A quantum circuit for the proposed algorithm.
where x.y = x 0 .y 0 ⊕ x 1 .y 1 ⊕ . . . ⊕ x n−1 .y n−1 , x j .y j is the bitwise-and between x i and y j . In the literature, there are usually two ways used to mark certain states in a superposition. One way is to conditionally apply certain phase shifts on the marked states [5] by using an oracle G f that works as follows:
f (x) |x , where the extra qubit workspace is ignored afterward. The other way is to use an oracle U f to entangle the required states with certain state of the extra qubit workspace [9] as follows: U f |x, 0 = |x, f (x) , where the state of the extra qubit workspace is required for further operations.
The Proposed Algorithm
Given a quantum register of n + 1 qubits in state |0 ⊗n+1 and an oracle U f that represents an affine linear function, then the operations of the proposed algorithm A (shown in Fig. 1 ) can be written as follows,
Tracing the Algorithm
The operations of the proposed algorithm can be understood as follows, 1. Given an oracle U f for an n arguments affine linear function. Prepare a quantum register of n + 1 qubits all in state |0 ,
2. Apply H ⊗n ⊗ I,
3. Apply U f on the n + 1 qubits,
4. Apply I ⊗n ⊗ Z,
5. Apply U f on the n + 1 qubits,
6. Apply H ⊗n ⊗ I,
and since the vectors of the linear Boolean functions (ignoring c n ) form an orthonormal basis. So, |Ψ 5 can be written as follows [6] ,
7. To find the value of c n , apply U f on the n + 1 qubits [9] ,
where
8. Measure the first n qubits to get the bit string |c 0 c 1 . . . c n−1 .
9. Measure the extra qubit to read the value of c n as |c n ⊕ 1 ⊕cj such that if the number of 1's in the bit string |c 0 c 1 . . . c n−1 is even then c n = c n ⊕ 1 ⊕cj , and if the number of 1's in the bit string |c 0 c 1 . . . c n−1 is odd then c n = 1 ⊕ c n ⊕ 1 ⊕cj , i.e. the negation of c n ⊕ 1 ⊕cj .
Discussion
The proposed algorithm is a modified version of Deutsch-Jozsa algorithm [3] where it uses entanglement instead of phase shifts to mark the states in the superposition. The original Deutsch-Jozsa algorithm DJ is applied on an n + 1 qubits quantum register initialized to state |0 ⊗n ⊗ |1 ,
where the oracle G f that marks the states by a phase shift of -1 is used. The extra qubit workspace is initialized to state |1 where its content is ignored. We can use DJ to obtain the bit string |c 0 c 1 . . . c n−1 by measuring the first n qubits. It is possible to use a modified version to Deutsch-Jozsa algorithm DZM to find the value of c n as follows,
where X is the NOT gate. This version uses two calls to the oracle, where each call uses a different version of the oracle. The first oracle call G f marks the states by phase shift of -1 and the second oracle call U f stores the value of c n in the extra qubit after we reset the state of the extra qubit to |0 . The proposed algorithm uses three calls to the same version of the oracle U f . The first call marks the states by entanglement with the state |1 of the extra qubit, the second call restores the state of the extra qubit to |0 to be used in the calculation of c n , and the third call calculates the value of c n and stores the result in the extra qubit workspace. It is possible to reduce the number of calls in the proposed algorithm to two be replacing U f (I ⊗n ⊗ Z) U f with a modified version of G f that applies the gate −1 0 0 1 conditionally on the required states in the superposition. Using a single version of the oracle might simplify the construction process of the quantum circuit with a little increase in the total number of gates.
Conclusion
Affine linear Boolean functions have many applications in computer science and engineering, e.g. cryptography. For n arguments, there are 2 n+1 possible affine linear functions. The affine linear function is fully determined by its coefficients. This paper proposed a modified version of Deutsch-Jozsa algorithm to fully determine the affine linear function. Two modified versions of Deutsch-Jozsa algorithm have been shown, where two calls to the oracle are required, such that each call uses a different version of the oracle. Another algorithm that uses three calls to the same version of the oracle has been introduced. All algorithms can fully determine the coefficients of the affine linear function with certainty.
